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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
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company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The strain energy release rate (SERR) is widely used to study delamination growth in composites and adhesively bonded 
structures. Both the maximum SERR (Gmax) and the range of SERR (ΔG) are commonly used to characterize delamination 
growth rate. The present paper discusses the appropriateness of using the SERR range to characterize delamination growth in 
fibre reinforced plastic (FRP) composite structures, and several inconsistent results associated with fatigue tests reported in the 
open literature will be presented. To this end, the paper focuses on the question of ‘similitude’ and the potential for using the 
terms Δ𝐺𝐺𝐺𝐺′ and ∆√𝐺𝐺𝐺𝐺 as alternativ  methods for characterizing Mode I, Mode II and Mixed mode I/II delam ati n growth.
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1. Introduction
Since Paris, Gomez, & An erson (1961) introduced the concept of using the range of stress intensity factor, ΔK, 
as th  crack driving force (CDF) to character ze the cyclic atigue crack growth rate per cycle, da/dN, for aluminium 
alloy, ΔK has become one of the most widely used parameters for characterizing the fatigue performance of metallic 
materials (Schutz, 1996). It is generally known that in a thin layer of polymeric matrix sandwiched between two 
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1. Introduction
Since Paris, Gomez, & Anderson (1961) introduced the concept of using the range of stress intensity factor, ΔK, 
as the crack driving force (CDF) to characterize the cyclic fatigue crack growth rate per cycle, da/dN, for aluminium 
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relatively rigid layers of fibers in a composite laminate, the singularity region dominated by the r-1/2 of a crack is 
exceptionally small, where r is the distance ahead of the crack tip (Wang, Mandell, & McGarry, 1978; Hu, Jones, & 
Kinloch, 2016). As the result, the SERR, instead of the stress intensity factor, is widely used to study delamination 
growth in FRP composites.
Nomenclature
a crack length
da/dN crack growth rate per cycle
E elastic modulus
G strain energy release rate (SERR)
Gmax maximum value of the applied G in the fatigue cycle
Gmin minimum value of the applied G in the fatigue cycle
ΔG Gmax - Gmin
ΔG' (ΔP)2 Gmax/(Pmax)2
Δ√G √Gmax - √Gmin
K stress intensity factor
Kmax maximum value of the applied K in the fatigue cycle
Kmin minimum value of the applied K in the fatigue cycle
ΔK Kmax - Kmin
Pmax maximum applied load in the fatigue cycle
Pmin minimum applied load in the fatigue cycle
ΔP Pmax - Pmin
r the distance between the point to the crack tip in polar coordinate
R load ratio, Pmin / Pmax
θ the angle measured from the extension of the crack line in polar coordinate
s ij stress state around the crack tip
I, II subscripts indicating Mode I (opening tensile) and Mode II (in-plane shear) loads
I/II subscript indicating mixed mode I and II load
CDF crack driving force
CLS crack lap shear
DCB double cantilever beam 
ENF end notched flexure
FRP fibre reinforced plastic
SERR strain energy release rate
The use of fracture mechanics based tools to assess fatigue crack growth in operational structures relies on the 
similitude principle, viz: ‘Two different cracks growing in identical materials with the same stress intensity factor 
range ΔK, and the same Kmax, will grow at the same rate’ (Jones et al., 2007). For metals, it has been found that there 
is a corollary to this principle, viz: ‘Two different cracks growing in identical materials with the same stress intensity 
factor range ΔK, then the crack in the specimen subjected to a higher R-ratio will grow at a faster da/dN value.’
(Jones, Kinloch, & Hu, 2016). This phenomenon has been observed in many fatigue test results in metals (Hartman 
& Schijve, 1970; Boyce & Ritchie, 2001; Schonbauer, et al., 2014). 
Thus, as most obvious parameter, the range of SERR, shown in Eq. (1), has been employed as the CDF to plot 
against the cyclic fatigue crack growth rate, da/dN, in fiber-composite materials:
∆𝐺𝐺𝐺𝐺 = 𝐺𝐺𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐺𝐺𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (1)
where Gmax and the Gmin are the maximum and minimum values of the applied SERR in a fatigue cycle, 
respectively. The term ΔG is assumed to be capable of accounting for the R-ratio effect as its counterpart of the 
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metal parameter, ΔK. Now, for a constant ΔG, the value of da/dN should be faster for a higher R-ratio (or load ratio) 
in the cyclic fatigue test, as the mean stress increases with the increase in the R-ratio. However, Rans, Alderliesten, 
& Benedictus (2011) questioned the appropriateness of using ΔG to characterize delamination growth in composite 
structures, as they found that there are test results where a decrease of da/dN occurs with an increasing R-ratio, for a 
given value of ΔG.
In the present paper, Mode I, Mode II and Mixed mode I/II fatigue test data from the literature are analysed. The 
results of this analysis indicate that ΔG is not a suitable term to be used as a CDF for the delamination in composites
under fatigue loadings. Two CDFs other than ΔG are discussed in the paper that are consistent with the corollary.
2. The R-ratio effect and ΔG
In linear elastic fracture mechanics (LEFM), the stress intensity factor, K, is used to characterize the stress state 
around the crack tip and is formulated as Eq. (2):
𝜎𝜎𝜎𝜎𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 = 𝐾𝐾𝐾𝐾√2𝑟𝑟𝑟𝑟 𝑓𝑓𝑓𝑓𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖(𝜃𝜃𝜃𝜃) + ⋯ (2)
where r is the distance between the point to the crack tip, θ is the angle measured from the extension of the crack 
line and the higher order terms are ignored. This equation also demonstrates that the stress state at the crack tip is 
dominated by the r-1/2 singularity. In LEFM, the stress and K are linearly proportional as shown in Eq. (2) and the 
term ΔK can be expressed as Eq. (3):
∆𝐾𝐾𝐾𝐾 = 𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = (1 − 𝑅𝑅𝑅𝑅)𝐾𝐾𝐾𝐾𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (3)
where Kmax and Kmin are the maximum and minimum stress intensity factor in one fatigue cycle and R is the ratio of 
the minimum applied load to the maximum applied load in one fatigue cycle.
Unlike metals, the stress intensity factor cannot represent the stress state of the delamination growing in the 
polymeric matrix, or at an interface, between the plies of the fibers. Thus, the SERR is the dominant measurement to 
evaluate the delamination in LEFM and it has the relationship to the stress intensity factor, K, as shown in Eq. (4):
𝐺𝐺𝐺𝐺 = K2
𝐸𝐸𝐸𝐸
(4)
where E is the elastic modulus . Hence, Eq. (3) can be re-written with respect to the R-ratio as:
∆𝐺𝐺𝐺𝐺 = (1 − 𝑅𝑅𝑅𝑅2)𝐺𝐺𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 (5)
It is often assumed that the term ΔG can show R-ratio effects in a similar manner to the term ΔK. For a given 
value of ΔG, an increase in the R-ratio would increase both the maximum and minimum SERR, and hence increase 
the mean stress. As a consequence, for a given carbon fiber epoxy Toray P305 prepreg of Toray T300/#2500. The 
double cantilever beam (DCB) specimen geometry consisted of 32 plies of laminates which is 125 mm long and 20 
mm wide. The initial delamination length was 20 mm. The resultant da/dN versus ΔG curves associated with R =
0.2, 0.5 and 0.7 are shown in Fig. 1 which reveals that, when plotted in this fashion, the curves of da/dN versus ΔG 
shift to the right, with increasing R-ratio. This means that for a given value of ΔG, the DCB specimens tested using 
higher R-ratio values would have slower delamination rates. This is contrary to the metal results (Hartman & 
Schijve, 1970; Boyce & Ritchie, 2001; Schonbauer, et al., 2014), as well as the expectation associated with a valid 
CDF.
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Figure 1 Plot of da/dN vs. ΔG in Mode I (Hojo et al., 1987).
This phenomenon is also seen in Mode II and Mixed Mode I/II fatigue tests. Tanaka and Tanaka (1997) presented 
Mode II fatigue tests which were performed using End Notched Flexure (ENF) test specimens. The ENF specimen 
was a 44-ply unidirectional graphite fiber epoxy prepreg of Toray T800H/#3631 with a nominal thickness of 6.2 
mm. The initial delamination length of 30 mm was introduced by a 12 μm thick Kapton film. The specimen was 120
mm long and 20 mm wide. The force was applied at the center of the specimen, which was 60 mm from both ends.
Gustafson and Hojo (1987) performed a Mixed Mode I/II fatigue test using 22 mm wide unidirectional T300/914C 
(Ciba Geigy) prepregs. The specimen configuration was the cracked lap shear (CLS) specimen, as shown in 
Gustafson & Hojo, 1987. 
The results of the ENF and CLS tests are shown in Fig. 2. These figures reveal that for a constant ΔG, increasing 
the mean stress (i.e. an increasing R-ratio) would appear to either slow down or not to change the delamination
growth rate. It is thus clear that using ΔG to characterize da/dN can lead to an incorrect interpretation associated 
with Mode I, Mode II and Mixed Mode I/II fatigue delamination data for FRP composite structures. As a
consequence, the applicability of ΔG as a valid CDF is questionable.
(a) (b)
Figure 2 Plot of da/dN vs. ΔG (a) in Mode II (Tanaka & Tanaka, 1997); (b) in Mixed Mode I/II (Gustafson & Hojo, 1987).
3. Potential solutions for the R-ratio anomaly
Matsubara, Ono, & Tanaka (2006) and Azari, Jhin, Papini, & Spelt (2014) suggested to use Eq. (6) below as the 
CDF whilst Rans, Alderliesten, & Benedictus (2011) and Jones, Pitt, Bunner, & Hui (2012) suggested that Eq. (7) 
would be a more appropriate means for characterizing da/dN:
∆𝐺𝐺𝐺𝐺′ = (∆𝑃𝑃𝑃𝑃)2 𝐺𝐺𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
2 (6)
∆√G = √Gmax − √Gmin (7)
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where Pmax is the maximum applied force in the fatigue cycle and ΔP is the range of the applied load in the fatigue 
cycle. To evaluate these concepts, the data (Hojo, Tanaka, Gustafson, & Hayashi, 1987; Tanaka & Tanaka, 1997; 
Gustafson & Hojo, 1987) are re-plotted in terms of da/dN versus ΔG', or Δ√G, respectively, and the results are 
shown in Figs. 3-5. These results show that both approaches are capable of eliminating the anomaly which arises 
from using ΔG as the CDF in FRP composite structures. Although, at first glance the two approaches would appear 
to be different, inspection of Eq. (8) and Eq. (9) reveals that ΔG' = (Δ√G)2, via:
∆𝐺𝐺𝐺𝐺′ = (1 − 𝑅𝑅𝑅𝑅)2𝐺𝐺𝐺𝐺 (8)
∆√G = (1 − 𝑅𝑅𝑅𝑅)√𝐺𝐺𝐺𝐺 (9)
(a) (b)
Figure 3 Mode I delamination growth rate characterized by the two different CDF terms. (a) ΔG'; (b) Δ√G.
(a) (b)
Figure 4 Mode II delamination growth rate characterized by the two different CDF terms. (a) ΔG'; (b) Δ√G.
(a) (b)
Figure 5 Mixed Mode I/II delamination growth rate characterized by the two different CDF terms. (a) ΔG'; (b) Δ√G.
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4. Conclusions
The parameter ΔG is widely used as a CDF to characterize the delamination growth rate in FRP composite 
structures. However, it is found that for the same value of ΔG, the da/dN versus ΔG curves appear to suggest that 
increasing the mean stress would result in a slower delamination growth rate. This anomaly raises the question of 
whether ΔG is a valid CDF. Fortunately, when expressing da/dN as a function of ΔG', or Δ√G, this anomaly does not 
occur. Further, it has been shown that these two terms are directly related.
References
Azari, S., Jhin, G., Papini, M., & Spelt, J. K. (2014). Fatigue threshold and crack growth rate of adhesively bonded 
joints as a function of load/displacement ratio. Composites: Part A, 57, 59-66.
Boyce, B. L., & Ritchie, R. O. (2001). Effect of load ratio and maximum stress intensity on the small crack fatigue 
threshold in Ti–6Al–4V. Engineering Fracture Mechanics, 68, 129-147.
Gustafson, C.-G., & Hojo, M. (1987). Delamination fatigue crack growth in unidirectional graphite/epoxy laminates. 
Journal of Reinforced Plastics and Composites, 6, 36-52.
Hartman, A., & Schijve, J. (1970). The effects of environment and load frequency on the crack propagation law for 
macro fatigue crack growth in aluminium alloys. Engineering Fracture Mechanics, 1, 615-631.
Hojo, M., Tanaka, K., Gustafson, C. G., & Hayashi, R. (1987). Effect of stress ratio on near-threshold propagation 
of delamiantion fatigue cracks in unidirectional CFRP. Composites Science and Technology, 29, 273-292.
Hu, W., Jones, R., & Kinloch, A. J. (2016). Computing the growth of naturally-occurring disbonds in adhesively-
bonded patches to metallic structures. Engineering Fracture Mechanics, 152, 162-173.
Jones, R., Kinloch, A. J., & Hu, W. (2016). Cyclic-fatigue crack growth in composite and adhesively-bonded 
structures: The FAA slow crack growth approach to certification and the problem of similitude. International 
Journal of Fatigue, 88, 10-18.
Jones, R., Molent, R., & Pitt, S. (2007). Crack growth from phusocally small flaws. International Journal of Fatigue, 
29, 1658-1667.
Jones, R., Pitt, S., Bunner, A. J., & Hui, D. (2012). Application of the Harman-Schijve equation to represent Mode I 
and Mode II fatigue delamination growth in composites. Composite Structures, 94, 1343-1351.
Matsubara, G., Ono, H., & Tanaka, K. (2006). Mode II fatigue crack growth from delamination in unidirectional 
tape and satin-woven favric laminates of high strength GFRP. International Journal of Fatigue, 28, 1177-1186.
Paris, P., Gomez, M., & Anderson, W. (1961). A rational analytic theory of fatigue. The Trend in Engineering, 13, 
9–14.
Rans, C., Alderliesten, R., & Benedictus, R. (2011). Misinterpreting the results: How similitude can improve our 
understanding. Composites Science and Technology, 71, 230-238.
Schonbauer, B. M., Stanzl-Tschegg, S. E., Perlega, A., Salzman, R. N., Rieger, N. F., Zhou, S., . . . Gandy, D. 
(2014). Fatigue life estimation of pitted 12% Cr steam turbine blade steel in different environments and at 
different stress ratios. International Journal of Fatigue, 65, 33-43.
Schutz, W. (1996). A history of fatigue. Engineering Fracture Mechanics, 54(2), 263-300.
Tanaka, K., & Tanaka, H. (1997). Stress-Ratio Effect on Mode II Propagation of Interlaminar Fatigue Cracks in 
Graphite/Epoxy Composites. Composite Materials: Fatigue and Fracture, 6, 126-142.
Wang, S. S., Mandell, J. F., & McGarry, F. J. (1978). Analysis of crack tip stress-field in DCB adhesive fracture 
specimens. International Journal of Fracture, 14(1), 39-58.
